Introduction to Economic Growth

Development of Modern Growth Theory

Questions -
1. Why are some people (countries) rich and some poor?
Need to find determinants of GDP and growth rates to answer this
2. Why do some countries grow faster than others?
3. Inlong-run, is growth rate exogenous or endogenous?

Endogenous Variable - Determined by decisions (usually based on optimizing behavior;
e.g., maximize utility leads to demand; maximize profit leads to supply); (2) something
you can change through policy (e.g., tax will change Pp, Ps, and Q)

Supply & Demand - P, = a- bQ and Ps = ¢ + dQ; this leads to P, = Ps =a-bQ =c + dQ
= Q= (a-0o)/(d+b) O Qis given (endogenous)

Growth Rate - can policies affect growth rate (i.e., is growth rate endogenous)?
neoclassical theory says yes, but only in transition, not in long-run; some newer
theories say yes; others say no

Technology - technical description: production function; intuitive: instructions for how to
produce things
Rice Example - cooking rice requires a pot and heat source (capital), rice and water

(resources), and a recipe with directions on how to cook it (technology)

Steady State Equilibrium - also called long-run equilibrium; all variables grow at a constant

rates (could be different from each other, but constant over [or independent of] time)

Brief History -
Adam Smith - focused on accumulation of capital
Carl Marx - focused on technological change and unemployment
Ricardo - focused on class structure
Neoclassical Growth Theory - Solow (1956); assumptions:
» Perfect competition in all markets
» Exogenous rate of population growth (in long-run) y
» Exogenous rate of technological change (in long-run)
» Endogenous income per capita levels

<«— Yis higher than it
would've been, but still
grows at same rate

» Endogenous transitional growth rates dy/dT Time
Example - look at income per capita (y); we can —~
change the growth rate (dy/dT) in transition,
but not in the long-run (i.e., slope stays the Time
same)

New Growth Theory - Romer (1986) & Lucas (1988); also called endogenous growth
theory because now long-run growth rate can change; dropped perfect competition
assumption and made technical change endogenous

Schumpeterian Approach to Economic Growth - new products have short lifetimes (all
companies from the original Dow Industrial list are gone except General Electric); firms
enjoy temporary monopoly power (imperfect competition) then are replaced (creative
destruction); all used fixed population (not realistic) because introducing any population
growth means economic growth unlimited (also not realistic)

Grossman & Hylpman (1991), Aghion & Howitt (1992), Segerstrom, et. al. (1990) -
focused on product quality
Romer (1990) - focused on product variety
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Schumpeterian Without Scale Effects - original Schumpeterian approach had scale
effects which made growth rate change with population rate (e.g., double population
caused growth to double); modification without scale effects fixed the problem
Jones (1995); Segerstrom (1990) - exogenous long-run growth
Howitt (1999); Dinopoulos & Thompson (1999) - endogenous long-run growth

Facts on Economic Growth

Average
i inti i i GDP per GDP per Labor force annual Years
1. _There iSs enormous varlqtlon in per capita i = Sptins il i
income across economies. The poorest 1897 1997  rate, 1997 ! 1900-07  douhde
counties have per capita incomes that are less

then 5 percent of per capita incomes in the

“Rich" countries

. R LLSA. $20.049 840,834 0.49 1.4 50
richest countries _ fapan 15003 25,264 0.63 44 16
GDP - gross domestic product; monetary France 14,650 41,086 0.45 23 30

; LLK. 14472 20295 0.49 149 a7

value of all goods and services Spain AL b ke e 38 i

produced within a nation's borders in 1

“Poor’ countries

year; _doesn‘t matter which company China 3987 D046 S0 3.8 2
does it (e.g., Honda Accords built in India 1624 4156 0.39 23 a0
Ohio count towards US GDP) s a2 o 04 192
. O Uganda 687 1,437 0.49 .5 146
GNP - gross national product; similar to

GDP except it's goods and services T —
p g . . Hong Kong 1\a11 28,918 0.65 5.2 13
produces by a nation's companies (e.g., Singapors 17,560 36,541 0.48 5.4 13
Honda Accords built in Ohio count Faiwan 12,729, 35,779 o 54 12
South Korea 10,131 24,325 n4z 5.0 12

towards Japan's GNP) i i I
Difference - GDP better to use because i ditters

. i X 6,760 19.455 035 =01 —917

it reflects quality of life more than Madagascar 577 1334 0.43 -1.5 ~48

GNP, but in long-run both are very Mali 535 | 1415 b e b

similar Chnd gL 1.128 0.35 -14 =48
Purchasing Power Parity - used to CUMULATIVE DISTRIBUTION OF WORLD POPULATION BY

GOP PER WORKER, 1995

develop exchange rates for GDP
comparisons; attempts to measure
actual value of a currency in terms of its
ability to purchase similar products (e.g.,
Big Mac in U.S. costs $2 and in Japan

costs 300 yen = PPP exchange rate is
150 yen/$) Lots of
Per Capita Income - GDP per person;, poor

useful "summary statistic" of the level of
economic development because it's
highly correlated with other measures of

& 38

"Fair"

quality of life ’ ' oo ren e
GDP Per Worker - tells more about productivity of the labor force (whereas GDP per
person is general measure of welfare)

Why is there a difference?
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2. Rates of economic growth vary substantially across countries.
Growth - the amount by which something changes (first derivative)
Growth Rate - amount by which something changes divided by initial value (first

derivative over variable)

Constant Growth Rate - measure of interest grows exponentially at a constant rate;
graph looks exponential, but on a In scale it's linear with slope equal to the growth
rate
Example - L(t) = labor force at time t; labor growth = L'(t); labor growth rate = n; we

can relate these by definition: L'(t)/L(t) = n
Now solve for L(t) by writing out L'(t) as dL/dt: dL/dt/L(t) = n

Move dt to right side and integrate: IdL/ L(t) = Indt

L(b) InL(t)

L | L ....... S|Ope
Work out integrals: InL(t) = nt + ¢ (constant) 0 nto =n
Use exponential: €0 = L(t) = e"* ¢ = '™ : :
Notice that using t = 0, means that L(0) = €°
Rewrite L(0) as Lo and we solved for L(t) in terms of Ly, and growth rate n:
L(t) = Loe™

(This is general equation for any constant growth rate)
Going the other way - differentiate to find L'(t) = Loe™@d(nt)/dt = nLoe™

Use growth rate definition: L'(t)/L(t) = nLo€"/Loe™ = n
Yet another way - take In of both sides: InL(t) =InLo + nt (used for regression)

Now take derivative of both sides wrt t: dlnL(t)/dt = dlnLy/dt + ont/ot

L'M)/Lt)=0+n=n

Years to Double - useful way to interpret growth rates introduced by Robert Lucas ("On
the Mechanics of Economic Development," 1988); solve for t in order to double
income Y(t) from Yo: 2Yp = Yoe* = 2=¢&”
Take In of both sides: In2 =gt
Solve for t: t=1In2/g00.7/g
[0 country growing at g percent per year will double per capita income every 70/g
3. Growth rates are not generally constant over time. For the GURE 1.3 WORLD PER CAPITA GOF AND GROWT RATES, 1508-19%6
world as a whole, growth rates were close to zero over most of " or o |
history but have increased sharply in the twentieth century. For 000

individual countries, growth rates also change over time.
Note: some growth models don't allow growth rate to change
in long-run, just in transition
Dismal Science - prior to higher rates of growth, Thomas

2,000}

Malthus argued that population growth was exponential, 1000

but food production was linear; he argued that we would 70

have endless wars to control population growth (coined 500

term "dismal science" for economics) 1500 1800 1700 1800 1900 2000

4. A country's relative position in the world distribution of per capital incomes is not
immutable. Countries can move from being "poor" to being "rich," and vice-versa.
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In the United States (general for most economics "in the long run") over the last century,
a. rate of return to capital, r, shows no trend upward or downward
r constant (03%) based on interest rate on government sencamacor
debt 25000
b. shares of income devoted to capital, rK/Y, and labor, wL/Y, show %"
no trend e
Labor constant (070% GDP = capital 030% GDP); also, somor
labor 50-50 between skilled and unskilled
c. average growth rate of output per person has been positive and
relatively constant over time; i.e., the United States exhibits
steady, sustained per capita income growth L . L
g constant (01.8%) 1800 T w0 s veeo e e

REAL PER CAPITA GDP IN THE UNITED STATES, 1870-123:

$5,000

$2.500 -

Growth in output and growth in the volume of international trade are closely related. Strong
positive correlation between international trade and growth (i.e., nations that trade more
have higher GDP)

. BGROWTH IN TRADE AND GDP, 1960-90
Volume of Trade - sum of exports and imports _—

0.02 - T ™™ % o
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Neoclassical Growth Models

Model - mathematical representation of some aspect of the economy; best models are often
very simple but convey enormous insight into how the world works

"All theory depends on assumptions which are not quite true. That is what makes it theory. The
art of successful theorizing is to make the inevitable simplifying assumptions in such a way
that the final results are not very sensitive." - Robert Solow, 1956

Solow Model

Assumptions

1. Single, homogeneous good (output) - this also implies that there is no international
trade (have to have at least two different goods for any trade to take place)

2. Technology is exogenous - technology available to firms is unaffected by the actions
of the firms, including R&D (we'll relax this later); implication is that production
function is not shifting

3. Keynesian Assumption - individuals save a constant fraction of their income (i.e.,
people consume in proportion to income)... this assumption is consistent with the
data... let the savings rate be s[J total savings is sY

4. Labor Force - population is same as labor force (good enough to have constant labor
force participation rate); population grows at constant rate n 0 L(t) = Loe™

5. Perfect Competition - zero economic profit; price takers in labor market (w) and capital
market (r)

6. Constant Returns to Scale - can use any constant returns production function (i.e.,
double input produces double output); we'll focus on Cobb-Douglas
Two Inputs - capital and labor; capital is accumulated endogenously through

savings
Constant Elasticity of Substitution (CS) - production function with constant returns
to scale; generalization of Cobb-Douglas; Y(t) = F(K,L) = [bK” + cL?
Cobb-Douglas Function - Y(t) = F(K,L) = KL o O (0,1)
Test Constant Returns - F(2K,2L) = (2K)“(2L)" = 2KL"* = 2F(K,L)... yep
7. Constant Depreciation Rate - capital depreciates at a constant rate o

Basic Model - built around two equations: production function & capital accumulation equation
I. Production Function - describes how capital inputs, K(t), combine with labor, L(t), to

produce output, Y(t)

Capital - look at corn... some you eat (consumption), some you plant to eat more in the
future (capital); capital postpones consumption by certain amount in hopes of higher
(but uncertain) future consumption... definition of investment

Max Profits - hire capital and labor at market prices to maximize profits (Note: we can
consider our good to be a numeraire (P = 1) which means r and w are in terms of Y)
Max F(K,L) - rK - wL

First Order Conditions -
drn _

K« —r =0... marginal product of capital = r
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Z—f =F_—-w=0... marginal product of labor = w

Using Cobb-Douglas -

ay l-a
Fo=aK ' =r = LS AL
K K
_(1-a)KL"Y _A-a)Y

FL=l-a)KL" " =w = w=

... we can use this
L L

to get the demand for labor
Finding Steady State - in order to find some form of the production function to give us a
steady state, we need to identify variables that won't change over time; in this case,
we can focus on r & w because (1) empirical data says they're stable over time [fact
5 from Introduction to Growth], (2) based on the way the production function is set
up, if either of these variables grows, the other has to decline and if we're talking
growth rates, that means the other variable will eventually reach zero... not realistic

) . 1-a)Y Y .
From first order conditions we have w = —( L ) O I is also constant; that's called
4
the output per worker : y= B

aYy Y . . :
We also have r = a O K is also constant; to put things in same terms (per

. , . YIL _y . .
worker or per capita), we'll use a trick: —— == since y is constant that

K/L Kk
. _K .
means capital per worker : k =— is also constant

Results for Production Function -
1. Zero Profit - results from constant returns assumption;

Profit= Y - rK —szY—%K—@zY—aY—(l—a)Y:o

O payments to inputs completely exhaust the value of output produced
2. Constant Labor & Capital - as fractions of GDP; results from Cobb-Douglas

production function: % =a and WVL =1-a ; this agrees with empirical data

(see fact 5 from Introduction to Growth)
3. Growth Rates Equal - take In of both sides of capital per worker: k = K/L
Ink=InK -InL

Totally differentiate wrt t: 1% = id—K li or 5 = 5 L

kdt Kd Ldt k K L
Those are growth rates; k is a stable variable in steady state so dk/dt = O; that

K _L :
means K = s the growth rate of capital equals the growth rate of labor

in the steady state
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Per Capita Production - now that we have steady state variables we can work with (k
and y), we need to convert the production function to incorporate these variables:
Y = F(K,L) ... because of constant returns to scale, we can write

y :% = [%EJ =F(k})) ... introduce per capita production function f: y = f (k)
y

ay l-a a

K L :KHL—H:(%j :ka y:f(k):ka

y'=ak?" >0 O output per worker always increases with k increases

Using Cobb-Douglas - y= f(k) =

y'=a(a-1)k“? <0 (because a < 1) O we have diminishing returns to
capital (the added output per worker by increasing capital per worker
declines as we add more capital)
Il. Capital Accumulation - the change in the capital stock over time is equal to the infusion
of new capital from savings (sY) minus the depreciation of capital
d—f =K =sY-&XK
Example - economy starts with output of 100 and capital base of 200; the capital
depreciate rate is 5 percent and the savings rate is 30 percent
Savings (gross investment) = sY = 0.3(100) = 30
Depreciation = &K = 0.05(200) = 10
Capital accumulation (net investment) = sY - &K =30 - 10 =20

Per Capita Capital Accumulation - just like we did with the production function, we
want to get this equation to incorporate variables that are constant in the steady state
(kandy)

Divide all terms by K: dK 7dt = Si - 55 = Si -0
K K K

: t : : i
Where did we see that term before? We got it from differentiation

Ink =InK =InL wrt t when we showed that the growth rates of capital and labor
are equal in the steady state (on previous page); the general (non steady state)
dk/dt _ dK/dt dL/dt

result was
K L
From assumption 4 substitute the labor growth rate n: dkli dt = dKK/ dt_ n
dK/dt dK/dt _dk/dt
Solve that for : = +n
K k
Substitute that into the first equation we had: dk /di +n= S% -0
To get y into the equation, use the L/L trick again: dkli dt +n= S% -0= S% -0

. : dk
Solve for capital accumulation per worker: o =sy—(n+9J)k

Steady State - in steady state, k must be constant so dk/dt =0 = | sy = (n+ )k

30f7



That is, the gross savings (investment in capital) per worker must equal the lost capital
per worker (lost through depreciation and the increase in the number of workers)
Solve for Growth Rates - use formulas with standard trick of taking In of both sides,

then differentiating

y=k? = Iny=alnk = X:aE...sincek:0,wemusthave y=0

y
Y=KL"" = InY=alnK+(l-a)InL = %za%ﬂl—a)%:

an+ (L-a)n=n... so output grows at same rate as labor force

Graphically - the Solow model is pretty easy to solve graphically... just Ya y
look at where sy intersects (d+ n)k y (n+ o)k
Stable Equilibrium - if we have k anywhere other than k*, it'll Y

eventually adjust to be at k*; for example, start with k < k*; this
means savings outpaces effective depreciation so we're R

accumulating capital (k1); this continues until k = k* A k* k
Algebraically - solving is a little more complicated; start with stead state y
equation: Vi (n+ o)k
sy = (n+9)k L ¥
Plug in production per worker function: \‘ ggcpuitnilulation
sk? = (n+9J)k k Kkt k
Solve for k:

1
Ke=_5_ - k—[ > j“’
n+o n+o

Plug that back into the production per worker function to solve for vy:

y- = (k*)” =( : j

n+o

Advantage of Algebra - can check model empirically: In y* = a Ins- 1 a In(n+9) O
-a

regression should show parameters £, = 3; also can solve for a and check if a< 1

Summary - started with two equations:
Y =F(K,L) and %—T: sY —(n+9)K

Then introduced output per worker and capital per worker:
y=Y/L and k=K/L

Modified original equations: Measure Steady State
f(k) and dk (n+ )k Growth Rate
= and —=sy-—
y ot y, k 0
Steady state has dk/dt = 0 so we know
n
s = (n+3)k L,Y, K

Other things we showed
Growth rates of labor, capital, and output are equal: L =K =Y =n
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Comparative Statics
Increase Savings Rate - st =yt and kt 4
Note: growth rate in long run doesn't change since growth rate of capital Y1 _(n+ ok

must equal the growth rate of labor (population); the result will be a =%y

higher y (GDP per capita) that grows at the same rate as before the Y
increased savings rate

. ylk
Decrease Population Growth Rate -ni =yt and kt V2 y kike K
Y1

=

i,
2
Y1

Decrease Depreciation Rate - dl = yt and k1 >

I\
85T <
++
S

Vo ¢ V2 = K
— =K ky ko

Increase Productivity of Capital - at = yt and kt Yt Lgfé + Ik
—g.

x"

Transitional Dynamics - how model evolves (between equilibria)
Algebraically - we already showed:

Yok

y k
(which we used to find y =0 in steady state; we're not in steady state now so we

have to work with the general version; the other equation we need is the capital per
worker accumulation equation which we'll divide by k:

S
- kl_a _(n+5)

Now we have two differential equations to describe the transitional dynamics; since
diffeq isn't fun, we'll just look at the transitions geometrically by plotting that second
eqguation to determine what happens to the growth rate of k

Geometrically -

Increase Savings Rate - st shifts the sk curve; at the current capital 4

per worker, we aren't in equilibrium so k/k increases (i.e., the rate k N
of growth of capital per worker increases); note form the first k
eguation we showed above that this means the output per worker is —
also increasing; eventually, we'll settle back down where sk®* =
n+ Jdso k/k goes back to zero (so does y/y); the end result is a
one time increase in capital per worker (k) and output per worker (y), but the growth
rate of these remains the same at zero

Decrease Population -if LI (and nremains constant), we have a one A
time increase in capital per worker (K); this shifts us to the right on
the graph and there's a disparity between (n + ) and sk®* which

5

kk kK

5 a—" (N+9)
means k/k <0 (which means y/y <0); it remains so until capital ! e gyt
per worker goes back to the original level; the end result is a one W ok

time decrease output per worker (y)... this is why we care about
unemployment
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Problems -
* Model is Population Driven - growth rates of output () and capital (K) equal growth
rate of labor (L)
* No Growth in Output per Worker - model says y doesn't grow in steady state, but data
for U.S. says otherwise... this is why we introduce technological change

Solow Model + Technology
Technology - captured in the production function
Hicks-Neutral -Y = AF(K,L) =F(AK,AL)
Capital Augmenting - Y =F(AK,L)
Labor Augmenting - Y =F(K,AL)
Results of technology are most transparent with labor augmenting technology so that’s
where we'll focus
Effective Labor - AL ; we use A to represent the level of technology; using the labor
augmenting production function, if A changes from 1 to 2, that means workers are twice as

productive (we effectively get the same work as if we doubled the number of workers)
Update Model - basically have four equations that drive the model

1. Y=F(K,AL) =K?(AL)"
2. At)=Ae" = % = ¢ (constant rate of technological advancement)... this means that

technological progress is exogenous ("mana from heaven"; technology descends
upon the economy automatically and regardless of whatever else is going on in the
economy)

L
3. Lt)=Le" = n =n (constant labor growth rate)... same as before

4. K=sY-X ...same capital accumulation equation as before

What's Constant? - divide equation 1 by capital to get output per capital:
Y  K7(AL)"™ _[AL)M
K

Since both A and L grow at constant rates (g and n), K must also grow at a constant rate or
else Y/K would either go to infinity or go to zero (both are unrealistic); if we invert AL/K
we get capital per effective worker:
k=K/AL=Kk/A

Similarly, we can define output per effective worker: y =Y /AL = y/ A; now we can rewrite

equation 1:
a 1-a a -
yzizﬂ:[ﬁj —ke
AL AL AL

Output per effective worker and capital per effective worker will be constant in steady state
Growth Rates - Do the In-differentiate trick on k and y

Ink =Ink-InA = %: :E—é = E:%:g O capital per worker (k) grows at

same rate as technological progress
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Ink =InK -InA-InL = L:O:E—é_k — 5:54.
k K A L K A
Iny=Iny-InA = %:o:l_é - X:é:g
y y A y A

Steady State
Growth Rate

0
n

g
g+n

Solving the Model - try to put capital accumulation equation in terms of k and y

Divide by K: Ezi—d
K K

By using the In-differentiate trick on IZ we

Use definitions ¥ =Y/ AL and kK = K /AL: %:

Solve for K : |?253~/—(n+g+5)lﬂ<~

-~

Steady State - k =0 so

Kk _ K AL

found: ==—-—-—

k K A L
AL
+—

L K
AL k sY/ AL
—: =+g+n= -0
AL Kk K /AL
i—(n+g+5)
k
§ =(n+g+ )k

Comparative Statics and Transitional Dynamics are similar to original model
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Endogenous Growth Models

Neoclassical Model - g affects long-run growth and transition; model doesn't say anything
about how g is determined; we want to find factors that determine g so we can make it

endogenous (that way we can figure out how we might change g through policy)
Literature -

Neoclassical Schumpeterian
Exogenous technical change Endogenous technical change
A(t) = Ase™ (g can't be changed) (R&D; intentional investment)
Positive population growth
n>0 L(t)= Loe™ /\
Authors: Solow No Population Growth Positive Population Growth
n = 0; Scale Effects n > 0; No Scale Effects
Ifn>0, then y/y unbounded /\
Authors: Exogen En n
Romer (1990) - variety Authors: Ao
Segerstron, Anant, Dinopoulos Jones (1995) - modified Young (1998)
quality (#.990) . Romer; like neoclassical;  Howitt (1998)
é?oéz%ianvﬂgl(lrgagﬁ)(lg%) ends up with g = an Dinopoulos & Thompson
P Segerstrom (1998) - quality (1998)

Technology -
Fixed Cost - technology involves fixed costs which leads to non-convexities (economies of
scale); excludes perfectly competitive markets
Suppose output provided by Y = AL, A = level of technology; L = amount of labor
Let C(A) be the cost of technology level A

Under perfect competition, firm faces constant price P so & = PY —wL —C(A)

If labor market is perfectly competitive, wage equals the value of marginal productivity of
labor: w= PY,_ =PA
Substitute that back into the profit function: T = PAL - PAL-C(A) =-C(A) <0
O Romer model focuses on imperfect competition; economic profits are required before
R&D can take place
Design - technology takes form of design; instructions on how to produce a particular
product
Non-Rival - if one person consumes the good, another can also consume it at the same
time without diminishing the first person's benefit
Excludable - itis possible to prevent others from using the good; technology is made

excludable by keeping secrets (e.g., formula for Coke), encryption (cable TV),
patents/copyrights, etc.

Incentive - excludability provides incentive for market to exist because firms can charge
for the product or service

Non-Rival

Private (Traditional) Good Collective Good
Excludable Apples Technology
Mohammad's Coke Pay-per-view TV
Commons Good Public Good
Non-Excludable Parking Lot National Defense
Fish in Ocean Lighthouse
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Y
Requires
intermediate
goods (x) and

Romer Model (simplified) labor (Hy)
3 Sectors - economy has 3 sectors that are vertically related Generates
1. Homogeneous Good - produced under perfect competition with standard y demand for x
Cobb-Douglass production function N
2. Intermediate Goods - produce capital goods under monopoly (imperfect Requires
competition); uses only capital goods and technology, no labor (although capital (x)
it can be added and we get the same result... just keeping it simple)
3. Research Sector - perfect competition prevails; only uses labor l Economic 1
used to buy A
Fixed Labor - L =H, +H,; split determines growth rate
Basics - start with demand for Y; solve profit maximization problem; that generates Requirﬁ‘s

demand for x; solve monopoly profit maximization problem; that profit generates labor (H,)
incentives in third market

Final Output - Y =Y(H,,X) = Hf(z xil“’j ; we're looking at potential technologies (infinite)
i=1

Example - consider only 2 designs (i.e., A=2): Y = Hf(’(xf" + Xi“’)
Constant x; - each design generates the same level of profit each period (m); with an infinite
time horizon, the discounted profit is 1/r (regardless of when the design is discovered);
O the optimal amount of each design is the same: x, = x (this is called symmetry )
Note: we'd get the same conclusion with a finite time horizon as long as each design
has the same lifespan
Result - Y =H/ (xl"’ + xl'”): 2HJ X" ... general form: Y = AHJx*™
Discontinuities - if a new design is discovered, Y jumps (i.e., is not continuous); that means

we can't use calculus; to fix the problem, we'll look at a continuum of new designs:
A(t)

Y =Y(H,,x Alt) =HJ jx(i)”'ldi = A(t)H{ x"“ ... because of symmetry (X(i) = X)
0
Relative Prices - | = P, x; + P,Xx,; Balraw's Law - once you determine 1 price and know
guantities in both markets, 2nd price is known
Numeraire - set price of 1 good to $1 so all other goods are priced relative to the
numeraire (e.g., $5,000 computer and $10,000 car; if computer is numeraire, price of
car is 2 [computers/car]); we'll set the final good as the numeraire
Depreciation - K(t) =Y(t) —C(t) (where C(t) is aggregate consumption at time t)
Capital - by definition capital is number of intermediate goods used in

A(t) A(t) X
, , o . K
production of final good so K = jX(I)dI =Xx* jdl =x*Alt) = x=——
’ > At) X
We can aggregate because all intermediate goods add same to output on ﬁfog:cws
margin; result of this equation is that if there is no new technology, we don't gesign
get more capital \ , AW
Substitute x into the production function: # of designs
A)HIK - ,
Y = ADHVKTT (A(t)H, )K", so we have labor augmenting

A(t)l—a
technological change (just like Solow model)

Empirical Data - a = 2/3... roughly 2/3 inputs into output is labor and 1/3 is capital;
further breakdown shows labor equally split between skilled and unskilled
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Evolution of Design - productivity defined as number of designs per period of time per
researcher; this value is a constant and is dependent on the number of researchers and the
number of designs that already exist
Warning - we're dealing with continuous time so intuition isn't clear

Look at j™ researcher; flow of designs per period of time is dAj

That's equal to a productivity parameter (5) times the hours worked by the j* researcher (H)
times the number of designs (A(t)) times the length of the time period (dt)
dA; =JH  A(t)dt

Aggregate Designs - > dA, = AM)dtY H, = dA(t) = dH ,At)dt, where dA(t) is
] ]

change in total number of designs over time and H, is the total number of hours devoted
to research

Realize that dA(t) = ?dt = JdH ,A(t)dt ... we can cancel out the dt on each side

. . _ 0A(t)/ot _ A
Now divide both sides by A(t) to get rate of technological change: % = r =H,..
note that this rate is constant over time and depends on total hours of research
Labor - full employment constraint; total amount of labor is constant over time (no population
growth) so all we can do is transfer labor between research of technology and production of

finalgood: H =H, +H,

Summary of Model - 5 equations:
(1) Y =At)HI X A(t) = # of types of intermediate goods (# of types of computer)
x = # of intermediate good (# of each type of computer)
(2) K(t)=Y(t)-C(t) C(t) = consumption
(3) K =x*A(t)

(4) % =H, 0 = productivity parameter
(6) H=H, +H,

Solving the Model - we'll only focus on long-run (steady-state) equilibrium; transitional
dynamics for this model are hard
Basic Idea - we have technology used for intermediate good used for final good; we'll solve
them backwards
A(t)
Final Good - under perfect competition; profits are R Y —wH,, — _[P(i)x(i)di
0

We said Y was the numeraire so Py = 1; substitute eqn (1) so problem becomes:

A(t) A(t)
maxm, = Hy jx(i)l'”di -WH, - jP(i)x(i)di
v 0 0
At)
Foc- 9™ g aH o™ jx(i)l'"di =w
oH, )
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At

To do other FOC, rewrite objective: J-[H;” x(i)" - P(i)x(i)]di —wH, and realize the
0

integral is maximized when the term in brackets is maximized so the FOC is
o, _
ox(i)

Easier Way - use the symmetry before taking FOC:
At)

max A)H X X7 =wH, =~ [ P(i)x(i)di
v X(i °

FOC - aA()H{ X" =w and 1-a)H{x™“ =P
Intermediate Goods - each good has same inverse demand P(x) = 1—a)Hyx™

because of symmetry discussed early, we dropped the i subscript and only talk about x
as the number of each design (we use the same number of each design); intermediate
goods are produced by monopolists [

maxm, = P(X)X—rx= (L-a)H{x™ @ —rx

=0 = @-a)Hyx(@{)™ =P(i) ... this is inverse demand for x(i)

Wage of Capital - interest rate (r) is the wage (cost) of using capital (x) because it's the
opportunity cost (value of best alternative... could use the intermediate good or
invest it and get a return of r)

Foc- M =0 o @-a)a-a)Hox?] =r > @-a)PX=r = PX)=—"—,s0
0X l1-a

price is a fraction of r (which is constant in steady-state)
Max Profit - w, = P(X)X—rx=P(x)x— (01— a)P(x)x = aP(x)x >0, so profit is positive
and a fraction of total sales (constant in steady-state)
Technology - "market for designs"; look at value of the firm; let P, = price of a design; there
are 2 ways to solve for Pa:
Stock Market Arbitrage - rate of return of bonds must equal the rate of return of
"stocks" (technology)
Bonds - return r(t)dt (using continuous time)
Stocks - return is based on dividend + capital gain
Dividend - return for purchasing technology is monopoly profit of intermediate

n()

A

good so divide that profit by Py :

P
Putting it together: np()dt dP =r(t)dt

A A

Py it = pPdt =

Substitute: dP, = p

LAUPLy————
P P

A A

T (t)
PA PA

Cancel the dt: =r(t)| (Stock Market Arbitrage Equation; always holds)

Empirical Data - tested with S&P 500; holds within 0.29 over last 20 years
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Discounted Profit Stream - based on price of design being equal to present value of all
future profits; we'll use non-constant interest rate so instead of €™ we'll have an
integral... this is the way Romer did it

7

o —|r(s)ds
P, = je ¢ w(r)dr Leibnitz Rule (7 not function of t so only 2 terms)
t /
dpP . -]"r(S)dS o —’r(s)ds
Differentiate wrtt: —2 =P, = —ﬂe ‘ (1) +ji e n(z) [dT
dt dt + dt

t

) dt
Look at first term: _t =1 and evaluate att means 7 =t so

dt —jr(s)ds —jr(s)ds
—Ee ‘ n(r) =-e: w(t)

t
t
Since [r(s)ds =0, the first term boils down to —e°x(t) = —x(t)
t

Look at second term:
n(7) isn't a function of t so we can pull it out of the derivative
d N f
aefm = f(t)e'®; in this case f(t)=~[r(s)ds
t

Use Leibnitz Rule again (only 1 term): f'(t) :%r(sﬂt =r(t)

—lr(s)ds —lr(s)ds

So right term becomes: I% et (r) dr:J‘r(t)e‘ n(r)dr
t t

7

o —|r(s)ds
Now pull out the r(t): r(t)[e *  a(s)dz =r(t)P,

t

: t)y P
Combine terms: P, = —-=n(t) +r(t)P, = nx—()+—A =r(t) (same equation)
A A

Key Difference - this method gets to stock market arbitrage equation, but can't go
the other way because of integration constant; basically we'd have P, +c which

explains how we can have "bubbles" in market; stock market arbitrage equation
still holds because constant drops out when we differentiate by t, but stock price
is actually higher (or lower) than Py

. . . 7, (t
Value of Firm - solve stock market arbitrage equation for Px: P, = #
r¢)—P,/P,
instantaneous profit divided by instantaneous interest rates minus growth rate of firm

Steady-State - both methods gave us the stock market arbitrage; under stead-state:

i:O = P, = 7.(1)
Pa r()

; that's
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Researcher Wage - productivity per worker times value of output: JA(t)P,
Productivity Per Worker - productivity parameter times number of designs: JA(t)
Value of Output - we just found that: P,

Consumer Behavior - studied producer side for final good, intermediate goods, and
technology; last piece of the puzzle is consumer side; assume utility is discounted at
constant rate p:

o Cl—a’ _1 .
maxj e”'dt s.t. Z(t) =rZ(t) + w-C(t)
ol 1-0
Constraint - change in assets = interest from assets plus wage minus consumption
dynamic optimization... maybe next time C C1 (afterrt)
. CO
Solution - E = '®-p
C o t

Slope of consumption (says nothing about level); note, if rt, slope is steeper
(consumers will [eventually] consume more in the future)

Summary of Solution so Far -
A(t)

(1) w=aHJ™ jx(i)l'” di = aA(t)HI ™% from solving max =,
0

2) P(X)=@-a)H{x™“ from solving max =,
(3) P(x) = o from solving max m,
l1-a
4) =, =aP(x)x from solving max m,
7T (t) . .
5) P,= W from solving stock market arbitrage eqn
r
(6) Wy =A(t)P, researcher wage
(7 % = 'M-p from consumer behavior
o

Steady-State Solution - all 7 above hold, but we have steady state number each design
(intermediate goods) so we'll use X* ; also that relates to a single price so P(x*) = P*
Labor Market Equilibrium - wage in manufacturing of final good (Y) is same as wage of

researchers (so there's no movement of workers form one to the other):

w=aAt)HI™(x*) ™ = At)P,

* *
Take (5) and substitute (4): P, = a'j(t)x
— a -a *
Substitute (2) into that: P, =< @ ”)H(vt)(x*) | x
r
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Plug that into the right side of the wage equilibrium equation:
a [a-a)He ()] x*

w=aAt)HI ™ (x*) " = dA(t)

r(t)
A bunch of stuff cancels out: H.* _ol-a) = H, = ()
r(t) o@l-a)
4 Equations & 4 Unknowns - solve for Hp, Hy, g, 1
[1] H, = ' from solving labor market equilibrium
oll-a)
A . . .
[2] 9= r =oH, solved when talking about evolution of design
[B] H=H,+H, fixed labor
~C_ri)-p . . . .
4 9= c- first part is assumption; second part from consumer behavior
o

Solve [3] for Hyand plug itinto [2]: g =J(H —H,)

Substitute Hy from [1] into this: g = 5(H —&j = - r®

ol-a) 1-a
Solve [4] for r and plug it into this: g =dH — 91‘7 ”ap
_ P
Solve forg: g = 1-g _(Q-a)H -p
1+ 9 l1-a+0
1-a

(Dinopoulos did left version in class; | got second version... they're the same)

Policy - what can we do to target g?
Subsidize R&D - ot = gt
Less Consumption Now - pl = @1... not sure you can target patience with policy, but we
can look at societies with higher savings rates (less consumption) and find higher g

Growth Rates - turns out everything grows atg... g =—=—=—=—

K = A(t)x... x fixed so In-differentiate trick gives E :%\ =g

Problem - H in numerator suggests larger H yields larger g; that would suggest U.S. growth is
faster than Hong Kong's (it's not!); also H grows exponentially so g has to grow exponentially
(i.,e.,t - 0 = g - )... that's not realistic either
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Schumpeterian Growth - using quality for technological progress

Papers -
Segerstrom, et.al. - AER, 1990
Aghion & Howitt - intermediate goods (like Romer); Econometrica, 1992
Grossman & Helpman - continuum of industries; 1991
Dinopoulos - Overview; 1993
Characteristics -
Dynamic General Equilibrium Model - can't use partial equilibrium because 1 market
growing could draw resources away from other markets
Product Replacement - "creative destruction"; products are replaced by "better" products
(e.g., typewriter, VHS tapes, carburetors)
Imperfect Competition - development of new products requires at least temporary
monopoly to do R&D
Uncertainty - characterizes all new product development... only about 10% survive
Structure of Model - "all the difficult parts of economics come together"
One Good - one industry producing a single consumption good

Quiality - quality of good can be improved; all "versions" of final good are perfect substitutes
R&D Races - uncertainty

Two Activities - manufacturing of final output and R&D for quality improvement
Full Employment - fixed labor force

Monopoly - firm that wins R&D race enjoys monopoly; duration of monopoly depends on
next R&D race

Price Limit - price limited by price of previous good and amount of improvement
Stock Market - used to finance R&D

Utility - representative consumer has intertemporal utility function: U = Ie"* In[z(-)]dt
0
Discount rate - p

Sub-utility - Z(Xg, X, X,,...) = D aX, = Xo +ax +a%%, +ax; +---
q=0
Degree of Improvement - a > 1 is degree of quality improvement of product relative to
its immediate predecessor

Version of Good - X, ; countably infinite levels of quality

Product Replacement Mechanism - sub-utility above works (in conjunction with pricing) to
effectively eliminate previous versions of the final good
Example - suppose each worker produces 1 unit of output (X) and use wage of labor as
numeraire; that means 1 worker = 1 unit=%$1... MC=AC =1

Now suppose economy starts with only X,; consumers spend all their money on this

good so demand is X, :PE' where E is aggregate expenditures, P, is price of X,
0

Suppose X, is discovered; consumer utility is X, + a X ; if X, and X, are at the same
price, consumer buys all X, and no X,; firm that discovered X, wants to drive
producer of X, out of market, but also wants to make as much profit as possible so
he charges the highest price he can for X, that still has consumers choosing only
X, ... i.e., want to keep utility form X, higher than utility from X,: ax,= X, ; if
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consumers spend all their money on either good we have X, = PE and X, = 5;
0 1

substitute these into the utility restriction and solve for P,:
E_E
a—=2— = abP,2Ph
R R
Since minimum price of producer of X, is MC = wage (w), then the limit price of X, is
P, <aPR.;;if aw= PR, consumers are indifferent between X, and X, but assume

hey switch instantaneously (i.e., always choose higher quality when indifferent)

R 4 E E
In General - start with utility: 0" —=<a%— = P, <aP_, = P,<aP,,

g-1 q
Profits of Monopolists - assume one worker manufactures one unit of good X, independent of

the level of quality (i.e., doesn’'t matter what level of quality is, only takes 1 worker)

E
— if B, <aw (we substitute w (marginal cost) for P, ;)
Demand for x, = § P,

0 if Pq >aw

Firm Objective - max © = (P, —w)x, = (wa - W)£ Ja-1 E|(i.e., profits are proportional
wa a

to consumptions (like the Romer model)

Solution - to maximize profit, firm charges maximum price so| P, =aw

Model Arrival of Innovations - n
Poisson Process - characterized by intensity u ("velocity of innovations™) N
# of events x that will take place over any interval of length A ~ Poisson ‘ t' .
_ _ (unye” q
g(x) = Pr[x events occur] = EEvE

Time T you will have to wait for X to occur ~ Exponential
F(T) = Pr[event occurs before T]=1-e™#T (cdf)
f(T)=F'(T)=pe™" (pdf)
O probability that event will occur sometime within the short interval between Tand T
+ dt is approximately we™*dt
Instantaneous Probability - ITqunO pe ™t = pdt

instantaneous probability that event doesn't occur is 1— udt

Expected Time Between Intervals -1/u

Independent Firms - add intensity levels; instantaneous probability is (4, + 4,) dt;
probability that firms discover innovation at same time is zero

Aggregate Labor - labor used for R&D is L; firm j's labor is Ljso L = Z L;
i

Diminishing Returns - measured by 0<y <1... we'll use y =1 to keep things simple
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Combine it all: instantaneous probability that at least one firm will discover new product at

time dtis z(L)dt = (Z " ]dt = L’dt
]

"Fair" Research - assume firm j's relative instantaneous probability of success equals its
Hi _ L
share of R&D resources: — = —
J7
Probability of Success - individual firm's instantaneous probability of discovering next

higher quality good is 4/, dt

L.
Solve "fair" research assumption for £; and sub into this probability: 4, dt = /JT’ dt

L.
Sub for u (i.e., p(L)) from above: 4, dt = (L")T'dt =IL, LY dt

Firm Doing R&D - denote discounted earnings of winner of R&D race as V (t)

Expected Discounted Earnings - have to multiply by probability of winning: V(t)Lj L dt
Cost for R&D - wLdt
Expected Discounted Profits - V(t)L;L"™dt —wiL, dt
Free Entry - if we assume free entry into R&D Race, expected profits will be zero [
V()L L dt—wL,dt =0 = V(t) =wL"™ (orif we let y =1, V(t) = w); this is the
stock market value of the firm
Financing R&D - firms issues stock: "If | win R&D race by time dt, stockholders get monopoly
profit until next R&D race; if | don't win, stockholders get zero"; very risky stock
2 Types of Firms - (1) monopolist producing X, (2) R&D firms looking for Xq+1
Risk Free Return - r(t); return on risk free bond in time dt is r(t)dt
Return for Stock - of firm that has monopoly on current good;
dv V(t)-0
e N oao vy - YO0 g
V() V() V(t)
dividends + capital gains * Pr(firm survives) - value of firm * Pr(firm disappears)
Note: if L = O this is the same as the stock market formula use in Romer Model

Trick - dV = aa—\t/dt =Vt
Portfolio Efficiency - expected return of security of existing monopolist must be equal to
the risk free rate of return:

Vdt

T gt+ o @—Ldt) - LVt = r(t)dt
V() V()
dt's cancel: —— +L @-Llrdt) =r(t) + L
V() V()
LI rt) +L”

lim: —
d-0 V(t) V()
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i

Solve for V(t): V(t) = v
r)+L - ——
V(t)
Empirical Support - current research shows that this equation works for the S&P 500;
doesn't seem to work for individual firms because L is difficult to estimate)

. . E _E . .
Labor -1 worker makes 1 unit of output; output is X = — = — (since we're assuming w = 1) [
aw

a
number of workers in manufacturing is E/a
Confusion over L -

Labor used for R&D is L - this is the original definition
Intensity of R&D (Poisson process) is f(L) =L’ - we assumed y =1 so intensity is L

Instantaneous probability that new discovery is made during interval dt is g(L)dt = L’dt -
we assumed ) =1 so instantaneous probability is Ldt

For a firm j, this probability is g;dt =L, L dt

Risk of default is probability of new development in dt which we just said was Ldtif y =1

Consumer Maximization - max U= je""t In[z(-)]dt s.t. Ait) =rA+w-E
0
(solve in HW)

Solution - E =rit)-p

Summary of Model - 6 equations:
(1) m=(P, —w)x, =(wa - W)£ = a-1 E (monopoly profits; w = 1)
wa a
(2) P, =aw (maximizes monopoly profits; w = 1)

(3) V(t) =wL"™ =1 (free entry to R&D or zero profit condition; w= 1 and y= 1)

4) V(@)= T — (stock market portfolio efficiency condition; y= 1)
r)+L" - ——
(t) VD)

(5) N = EiL (full employment)
a
E . o
(6 E =r(t)— o (consumer utility maximization)

Steady-State Solution - all 6 equations hold all the time, but in steady state we know that
(6) =0 sothat means r(t) = p

T
r(t)+L

From (3) we have V(t) =1 so that means V(t) =0 O from (4) V(t) =
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Transitional Dynamics - basically do the same thing we did for steady state,

E

Sub (1)and r(t)=p: V() =—9—=1 aN
p+L

0’-1 E E = a
a-1

(slope is (a - 1)/a)

N=E4L
a
(slope is -a)

N L

Solve for E: E = Ll(,o+ L) ... line in (E,L) space (i.e.,
a —

consumption vs. investment) with constant slope -
(5) gives another line in (E,L) space L
Effect of Size of Economy - Nt = E+t and L 1; more
population implies more R&D investment so growth aN
increases; this is problem with model so we'll remove the
scale effects later E?

Consumer Patience - ot = ET and El; more impatient

(higher discounting for future consumption) means consume
more, but invest less

but we can't assume (6) =0

From (3) we have V(t) =1 so that means V(t) =0
T —_

ri)+L

Solve for profit: w=r(t)+L

Subinto (4): V(1) =

Thatequals (1): w=r(t)+L= a-1 E —
a

Solve for interest rate: r(t) = —E L E

a-1

_ E
Sub into (6): E—TE L-p CON L

Phase Diagram - look at E = 0; to determine direction of movement, hold L constant and
use E + dE (dE > 0);

E = a—l(E +dE) — L — 0> 0... that means E increases above E =0 and decreases

E
below it
There are two stable points on the graph, but neither is a feasible equilibrium
All Consumption - all consumption and no investment is not rational; firm has incentive
to do R&D and have monopoly power forever... not realistic
All Investment - the other stable point on the graph doesn't maximize utility because
there's no consumption
Steady-State - the steady-state point is an equilibrium, but it is unstable; [J transitions are
jumps in E and L (realistic because E is chosen by consumers and L by firms and both
choices are made instantaneously)

Growth Rate - of utility: U = J‘e"’t In[z(-)]dt ... really just need to focus on instantaneous utility
0

In[z(t)] = Inlaqx] =qglna +Inx
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In(z(t)) F(t.E)
In(z(t)

Substitute X = E . E: In[z(t)] =qglna+InE-Ina
ow a

F(t, E) = expected value of instantaneous utility = E(q)Ina +InE-Ina :
g is number of innovations so (a) it jumps incrementally, (b) is governed by a Poisson
process so E(q) = Lt (expected number of innovations from now until time t is Lt

F . -
Growth Rate = %t LIna | OL (# workers in R&D)t = growth rate of utility1

Welfare Analysis -sub F(t,E) into U = je"l In[z(-)]dt to compare socially optimal level of
0
investment and consumption to the levels determined by market equilibrium
max U :Ie‘“[tLIna+In E-Inaldt st. N =EL
EL B a
Solve integral first:
U =[e”[ttina+InE~Inaldt = [e”[tLInaldt +[e[InE]dt - e [Inadt
0 0 0 0

Last two integrals are easy because InE and Ina are constant (wrt t):

fen E]dt—lnEe'p‘} _InE
0 P 0 Y
Ina _ptT _Ina
-p 0 P
First integral needs integration by parts:

J'e"’t Ina]dt =

b b
[xdY =XY[; - [YdX ...let X =t and dY =™ = X'=dtand Y=e"/-p

o ® e _—pt -0 -p0 - |
Llna[je"‘[t]dt} Lina te } ~-[E—dt!=Lina (ooe _oe ]_e 2} =
0 _p 0 O_IO _IO _IO IO 0

L] _e‘p°°+e“’° _ L 1] _ Llna
na ,02 ,02 =LIna ? - ,02 All future growth
nE | X . L -— from investment
Put it all together: U = n na, nza' = —(In E-lng+—" a;)/ Discounted
e p PP P

Real consumption Investment
expenditure

. . 1 Lina — E
Now it's a static problem: maxU = —(In E-Ina+ j sttt N=—+L
EL Y Y a
This is a classic consumer optimization problem (standard well, behaved indifference
curves and a linear budget constraint); let solution (social optimum) be (L, E)

13 of 14



Distortion - don't have enough information to give a general statement about the social
welfare, but the graphs show that it's possible to have too much investment (too little
consumption) or too little investment (too much consumption); usually the latter

Not enough Too much
investment investment (tax)
(subsidize) E
aN E= a _1(,0 ‘L)
R a
E ) Us
/ U,
Us
(L N
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Scale Effects and Schumpeterian Growth

Structure of Growth Models
Labor in Manufacturing - L,

Labor in Research - L,
Output - Y(t) = A(t)L, (t)
Scale Effect - X(t) is related to scale effects; X (t) + = R&D more difficult

Growth of Technology - g, = ﬂ = LA—(t)
Alt)  X(t)
Labor Market - L(t) =L, (t) + L,(t)
Growth of Labor (Population) - L(t) =L,e"™ = g, :% >0 (constant)

Share of Labor -

Lo = Research Share - 1- S(t) = La®)
L(t) L()

Growth Rate of Per Capital Output - write Y(t) using share of labor: Y (t) = A(t)S(t)L(t)

Manufacturing Share - S(t) =

Divide by L(t): y = % = A(t)S(t)

Do In-differentiate trick: Iny =InA(t)+InS(t) = g, ===—=g,
y
(Share of labor in both sectors must be constant in long run)

Notation Comment - common to omit (t) argument for variables that are constant in steady
state

Scale Effects -

_(1-9)L()
’ X(t)
Lo _L®) , L) _,
L® L®_ L®)

L X(Mg, _
L(t)
Any specification of X (t) must be consistent with these two equations

Sub research share into (2):| g

Divide (3) by L(t):

Sub L,(t) = g,X(t) from (2): |S

Constant X(t) - Assume X(t) = X, (constant)
_@-S)L(@)
Xo

[1] becomes g, ... which says output grows exponentially (at same rate as

labor force)
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X
[2] becomes S+% =1... which says S - 1 (i.e., all workers to manufacturing) so g,

tooo

goes to zero... contradiction

Romer & Early Schumpeterian Models - solved problem of scale effects by making L and X
constant (no population growth)... not realistic ("not empirically relevant)

Solution - let L and X grow at same rate

Jones - X(t) = [A(t)]”“’, ¢ >0... basically says as you have more designs, there are
diminishing returns

(1-S)L(t)
Check [1]: =5
ST T
Do In-differentiate trick: Ing, =1In L(t)—llnA(t) = S _L 1A, g, —lgy
@ 9, L @A @

Don't want g, to change in steady-stage so gy —lgy =0 = g, =@,
@

Result - growth rate is exogenous (based on growth of labor)... same as Solow model
Dinopoulos, et.al. - X(t) = AL(t) (vertical and horizontal differentiation)

_(@-S)L®) _@a-9)

Check [1]: g, ... 0 g, constant, but can be changed if we

AL(t) B
change the share of workers in R&D... realistic
L(t -
Check [2]: S+% =S+[A,=1= g, :% consistent with [1]
Quality Growth - X(t) = resources to protect monopoly profit of incumbent firm (makes
R&D harder
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ECO 7272, Practice Problem Set 1 Len Cabrera

1. A decrease in the investment rate. Suppose the U.S. Congress enacts legislation
that discourages saving and investment, such as the elimination of the investment tax
credit that occurred in 1990. As a result, suppose the investment rate falls permanently
from s to s". Examine the policy change in the Solow model with technological progress,
assuming that the economy begins in steady state. Sketch a graph of how (the natural
log of) output per worker evolves over time with and without the policy change. Make a
similar graph for the growth rate of output per worker. Does the policy change
permanently reduce the level or the growth rate of output per worker?

Concept. Don't think in terms of time; think of the destination y _
(new steady state) and then worry about how you get there. v * (Y ok
~ % n+ g +
Yo ,~
Steady State. Decrease in s causes steady state output per Zé ;°’Yy~
effective worker and capital per effective worker to decline. -
Based on the formulas: Kk * K

y:AIZ" and k=K /A
steady state output per worker and capital per worker will also decline. The growth
rates, however will not be affected in the steady state:

=—=0 and X:E:g
y k

<<t
i =1

Transition. Focus on two equations that are valid all the time (not just in steady
state):

37:12” and I?:s?+(n+g+5)f€
The second equation can be rewritten by substituting y = k? and dividing both sides
by K:

K K /K starts negative and then
=== (n+g+9) gets bigger and bigger as it
k k™ approaches zero
This helps us describe the transitional dynamics by plotting ‘ K/k atto+ Ay
skt and (n+ g+ ). The difference between the curves gives / k/k atto+ 4
k/k, the growth rate of capital per effective worker; in this £< o{ o (';Eﬁf I
~ o o~ k e
case, the lower savings rate drops the sk“™ curve so k/k <0. H sk
To determine the effect on output per worker, we start with the k; K k
modified production function that relates k to y:
y= AK @

To figure out what happens to y, we do the In-differentiate trick:
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1
1

y_A _
—=—+a==0+ta=
y A k

We know g doesn't change and we just showed that I?/I'(~ < 0. Therefore, output per

=~

worker will grow at a lower rate initially. This rate may be negative if ‘al?/l? >g, but

there is not enough information in the problem to determine if that is the case. We
can, however, determine that the growth rate of y will approach the original growth
rate in a convex way based on the graph shown earlier. The two cases are shown
below (not necessarily to scale).

” Casel ” Case 2
Y ek > g PN dkiid < g
g g
to / Time to Time
In y . |n y \
" Slope of Iny is

L always g in
k/ steady state

to Time to Time

Therefore, the change permanently reduces the level of output per worker.

2. Anincrease in the labor force. Shocks to an economy, such as wars, famines, or the
unification of two economies, often generate large one-time flows of workers across
borders. What are the short-run and long-run effects on an economy of a one-time

permanent increase in the stock of labor? Examine this question in the context of the
Solow model with g=0 and n > 0.

Steady State. The steady state growth rates are yf“ y
y _k_ Y K _L_ Y2 (n+ Ik
~=—=0and —=—=—= n ~
y k Y K L = sy
therefore, the one time change in the population (L) doesn't e R

1 k

=~
=~

2

affect these rates.

Transition. Focus on two equations that are valid all the time (not just in steady
state):

y=k? and k=sy+(n+dk
The second equation can be rewritten by substituting y = k“ and dividing both sides
by k:
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s
= (n+9)

This helps us describe the transitional dynamics by plotting
sk and (n+ ). The difference between the curves gives

k
k

k/k , the growth rate of capital per worker; in this case, the
sudden increase in population causes an immediate drop in
capital per worker (k). As the transition graph indicates, the
lower value of k results in a positive growth rate in k.
(Intuitively, what's happening is an increase in capital in
order to return to the original level of capital per worker.)
To determine the effect on output per worker (y), do the In-
differentiate trick to the intensive form production function:
Y_gk
y k K/k
We just showed that k/k >0, so we
also have y/y>0. According to the 0

transition graph shown above, these
growth rates will drop in a convex way

A

k/k starts positive and then
gets smaller and smaller as it
approaches zero

k/k attyg+ A
A l k/k atto + A,

k \
PR (n+9

_" -
g(a 1

>

ke Kk k

yly

until they return to zero. fo

To relate these growth rates to total In k
capital (K) we look at the definition of k:

K =kL
We know L doesn't directly affect K, so /
this equation explains why k dropped

Time to Time

Iny

initially. Do the In-differentiate trick to to
get In K
K_k L _Kk Il
— =——+4+—_—=—+n

K k L Kk

Since nis constant, we can ignore that

and realize the change in the growth

Time to Time

InY

Slope of InY and
InK is always n
in steady state

rate of capital is the same as the change to
in the growth rate of capital per worker.

Time to Time

To relate these growth rates to total output (Y) we look at the full production function:

Y = KaLl—a

Here we do have an initial effect form the change in L (i.e., Y increases at to).

Do the In-differentiate trick to get:
i: 5+(1—a)£:a5+(1—a)n
Y K L K

Again, nis constant so the change in the growth rate of output will mirror the change

in the growth rate of capital.
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3. Anincome tax. Suppose the U.S. Congress decides to levy an income tax on both
wage income and capital income. Instead of receiving wL + rK =Y, consumers receive
A-7wL + (1 - HrK = (1 - 1)Y. Trace the consequences of this tax for output per worker
in the short and long runs, starting from steady state.

(1 - 1) cancels so there's no difference in the production function. The per capita
capital accumulation function does change:

k=sy@-7)-(n+d)k
Substitute y =k“ and divide both sides by k:

K220 (n+0)
k
Steady State.

k _s(-7) _ _ . _(s@-1) =
K a0 =k (n—dj

So the income tax effectively lowers the investment rate (same as problem 1).

4. Manna falls faster. Suppose that there is a permanent increase in the rate of
technological progress, so that g rises to g'. sketch a graph of the growth rate of output
per worker over time. Be sure to pay close attention to the transition dynamics.

Steady State. Increase in g causes stead state capital per worker (k) and output per
worker (y) to increase to g

Transition. Focus on two equations that are valid all the time (not just in steady

state): . - _
o~ ~ ~ k / k starts negative and then
y=k? and k=sy—-(n+g+9)k gets less and less negative as
it approaches zero

Divide the equation on the left by k to see how g relates to the £k atto + A,

grovyth rate of K : N L/ K/k atto+ Ay
K _ o : T
— = - k i
l"(" (n+g+5) ?<O{ ; T (n~+g+o)
~ ~ g(a—l
Therefore, k /k =-Ag (as shown in the first diagram) . >
To figure out what happens to y, we use y = y/ A and the In- iy ko ke K
differentiate trick we did before: 1
. ; ~ ~ O | _
X = é + Q’L = g + 0’£ g
y A Kk k
We see that when g increases to ¢, the growth rate of output per o ™rime

worker (y) increases, but the increase is less than Ag because of

the drop in the growth rate of capital per effective worker which equals -Ag (its effect
doesn't totally counter Ag because a < 1). Eventually the growth rate of y will
increase to g' as shown in the second diagram.
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ECO 7272, Practice Problem Set 2 Len Cabrera

1. Consider the following version of a Romer economy. There are only two sectors in
the economy: The final goods sector and the research sector. Final output is produced
according to the following production function:

A(t)
Y:mHijnm
0
where H, is the amount of labor in the final goods sector and "In" denotes the natural
logarithm; A(t) is the measure of designs produced by time t, and x is the quantity of
design used.

The production of designs uses labor and it is governed by the following equation:

L0

=6H,
At)

Where J is a productivity parameter, and H , is the amount of labor engaged in
research. The full employment condition of labor is given by

H=H,+H,

where H is the fixed supply of labor in the economy.

Assume that the government buys every design produced in the research sector by
paying a price P,, which should be considered as a fixed parameter in the analysis. In
addition, assume that only one unit of each design is needed for final output production,
and therefore set x =1. Perfect competition prevails in all markets and the government
expenditure on designs is financed through grants from an international organization.
There is no international trade in the model.

a. Solve for the balanced growth equilibrium assuming x =1, and treating P, as a
parameter. Calculate the long-run equilibrium values of output growth, and the long-run
allocation of labor in production H, and research H,.

b. What are the effects of an increase in 6, H, and P, on the balanced growth rate of
output and on the growth rate of the wage of labor w?

a. Growth Rate

A(t)
x=1:>Y:MHYjﬂmﬁ:NUMHY
0
Do the In-differentiate trick to get the growth rate of Y:
INY =In At) +In(InH,)
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(Hy drops out because it's constant at steady-state; if it wasn't the full

employment or labor condition would imply that Ha go to zero [or H]
because H is fixed.)

Labor Market

Workers move between research and manufacturing sectors, so in steady-state
wages in these markets are equal.

Assume output Y is numeraire so R, =1
Manufacturing: final good monopoly: maxm, = At)InH, —w,H, — A(t)P,

Foc: v Ay oo o w, =20
aHY HY Y
Another Way... marginal product of labor (MPL) oY = A
oH, H,
w, = value of MPL: w, =R, o @ AL
oH, H,

Research: same as manufacturing, w, = value of MPL
Value of an innovation is Pa

Productivity of all researchers comes from % =6H, = At)=5A(t)H,

Differentiate with respect to Ha to get productivity per researcher: JA(t)
O w, =dA(t)P,

Steady-State Conditions

Alt)
1) Growth of output... =g,=——-=90
(1) PUt... Gy = 0a =14 A
_ AR
(2) Labor market wage equilibrium... w= = A(t)P,
Y
(3) Labor market capacity... H =H, + H,
Solve (2) for Hy: H, = A _ 1 =J6H 1
Y T AP, P, SNy
. . 1 1
Sub Hy into this (3) and solve for Hx: H, =H —— H, =—
Y ( ) A A 5PA v d:JA
: 1 1 _ 1
Sub Ha into (1): =0|H-— |=6H -— Hya=H-—
A ( ) Oy ( dDA] PA A 5PA
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b. Growth rate of output is given by g, =dH _Pi

A

Growth rate of wages comes from w = JA(t)P,
Do the In-differentiate trick:

INnw=Ind+InA(t) +InP,

O g, and g,, will respond the same way to changesin o, H, and P,

Use g, =dH _Pi results follow directly from this equation:
A

01 =gyt (and gut)
Ht =gyt (and gut)
P,t =gyt (and gut)

2. The representative consumer problem in the typical growth model (i.e., Romer
(1990)) can be stated as maximizing the discounted intertemporal utility function

]2 1 _l_; e dt

0

with respect to consumption expenditure C(t), o is the constant elasticity of

substitution, and p > 0 is the constant subjective discount rate; The above expression is

maximized subject to the intertemporal budget constraint
Z(t) =r()Z(t) +w(t) - C(t)

where Z(t) is the value of assets at time t, r(t) is the instantaneous market interest

rate, and w(t) is the wage income at time t. Show that the solution to the intertemporal

consumer maximization problem satisfies the following differential equation

Ct)y _r®)-p
C(t) o

State Variable: Z(t); Control Variable: C(t)

Present Value Hamiltonian (evaluates objective at time 0)

1-o

Hamiltonian: H =

e”* +MrZ+w-C)
1-o0

Properties of Optimal Solution: (come ECO 7406 Notes; KS p.127)
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(1) ?3_':; =C7%”-A=0 Optimality Condition

(2) _?3_; =A(t) =-rA Multiplier Equation
oH , .

(3) Y =Z't)=rZ+w-C State Equation

4) 2(0) =2, Boundary Condition

(5) Z(w) =7 Boundary Condition

(6) H. =—0C™"e” <0 formax  Second Order Condition
Solve (2): A'(t)=-rA = A(t)=e™

Solve (1) for C(t): C = (e: ]” :[e:i j" —-r

Do the In-differentiate trick:

Current Value Hamiltonian (evaluates objective at time t)

1-o

Hamiltonian: H =

+MrZ +w-C) (leaves off the e ; no discounting here)

Properties of Optimal Solution: (given by Prof. Dinopoulos in class)
[1] a—H:C‘” -A=0
oC

[2] A(t) = O\(t) —3—; = o\M(t) - rA(t) (discount rate enters here)

Solve [2] for growth rate: MY =p-r

Mt)

1

Solve [1]forC: C=A°

Do the In-differentiate trick:
1

INnC=-=Ini

o
C_ 1Ar_ 1 r-p
—_— = - —r =
C g A 0(,0 ) g
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3. Consider the following simple version of the Schumpeterian growth model described
in Dinopoulos (1996) "Schumpeterian Growth Theory: An Overview." The utility of the
representative consumer is given by

u) = Te-3t In(z(t))dt

where the sub-utility z(t) is defined as z(x,, X, X,,...) = Z (@5)*x, . There is only one

q=0
industry in the economy, and the arrival of innovations is governed by a Poisson
process with intensity L, where L is the amount of R&D researchers employed by firms
engaged in sequential R&D races. The economy has N =27 workers that can be
allocated between the two activities, manufacturing and R&D. One worker can produce
one unit of research services and/or one unit of final consumption good.

Use the wage of labor as the numeraire and calculate the stead-state equilibrium values
of the following variables: the market interest rate r(t); the equilibrium number of R&D

workers L ; consumption expenditure E; the amount of workers in manufacturing; the
long-long run growth rate of the economy, g; the flow of profits at each instant in time

n; and the stock market valuation of monopoly profits V (t).

Don't need to do derivation of general equilibrium conditions if we know them;
they're included here for easy reference (and studying!)

E . . .

— if B, <aw (we substitute w (marginal cost) for P, ;)
Demand for x, = F,

0 if P, >aw

To max profits firm will charge as much as possible while still driving competitor
(maker of P,_;) out of the market I P, =aw

Monopoly Profits

E
n=(P, -w)x, = (WO’—W)M

Firm Doing R&D

L.
Pr(firm j making discovery) = y;dt = (LV)T'dt = LjLV'ldt

Pr(discovery made) = L"dt
V(t) is discounted earnings of winner of R&D race; to get expected discounted

earnings, we have to multiply by probability of winning: V(t)L, L dt
Cost for R&D = wL;dt
Expected Discounted Profits = V(t)L L' dt —wL,dt
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If we assume free entry into R&D Race, expected profits will be zero U
V()L L dt —wl dt = V(t) =wL"” (stock market value of the firm)

Stock Market Efficiency
Risk free return is r(t); return on risk free bond in time dt is r(t)dt
Return for stock of firm that has monopoly on current good is sum of dividends
plus expected capital games/losses (gains times Pr(firm survives) minus value
of firm times Pr(firm disappears)):
Ldt +d_V (- L dt) _M LY dt
V() V(D) V(1)

Use this trick dV :%—\t/dt — Vit

o Vdt
Efficiency says: ——dt + — (1— L"dt) — Ldt = r (t)dt
y say V) V(t)( ) ®

dt's cancel: L+L(1— LYdt) =r(t) + L
V() V()

im: "+ Y —r)+ L

d-0 V() V()

Solve for V(t): V(t) =

Consumer Maximization

max U = Te"" In[z(+)]dt s.t. Att)=rA+w-E
0

Z(Xy, X;y Xpy.0) = zgqxq , but p, is set so that none of the previous goods is

a=0
purchased so we can use z(*) = a“x,; also since consumers only purchase
E_E E _ao"'E
good g, we know X, =—=— = Z(*)=a%—= , SO now the
P. wa wa

q

(o] q—l
objective is max U = j'e“‘ In{a E}dt
E o w

State Variable: A(t); Control Variable: E(t)
a"E

Current Value Hamiltonian: In{ } +MrA+w-E)

1] a_H:l—x:O

[GEE
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[2] A1) = A) —‘Z—i = AM(t) - IA()

At)
Solve [2] for growth rate: —~%=p—
[2] for g ) o
Solve [1] forE: E=A"
Do the In-differentiate trick:

INE=-InA
E A
— === - -r)=r —
= (o-r) P

Equilibrium Conditions - General

(1) == (wa - w)£ (monopoly profits)
wa
(2) V(t) =wL"™ (free entry to R&E or zero profit condition)
B)V(®)= n (stock market portfolio efficiency condition)
rt) +L" -
(t) )
(4) =rit)-p (consumer utility maximization)
(5) N = E +L (full employment condition)
a

Equilibrium Conditions - For This Problem... y =1, w=1, a =15, =3, N =27
[] 7= (wa - W)i_a_lg_%g_lg
wa a 15 3

[2] V(t) =wl*” =1
[3] V() =

T
V(t)

r(t)+L—V—(t)

4 E=r-3
[5] 27=2E+L

Steady-state = E: 0 = from [4] we have r(t) =3

+L
1

zE
Sub[1]: V(t)==2—=1 = E=9+3L
3+L
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Subinto [5]: 27=2(09+3L)+L = 27=6+2L+L = L=21/3=7
Solve forE: E=9+3L=9+3(7) =30
Solve formt n={E=330=10

Solve for V(1): V(t) = % - 10

Growth Rate =LInag =7In15= 284

ri) =3

L=7

E=30

L, =27-L=20
g=284

t=10

V() =1
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